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THE CALCULUS OF BIVARIATE FRACTAL INTERPOLATION
SURFACES
SUBHASH CHANDRA AND SYED ABBAS
Abstract. In this article, calculus regarding bivariate fractal interpolation
surfaces has been discussed. For instant, we investigate partial integrals and
partial derivatives of bivariate fractal interpolation surfaces. We prove that
the mixed fractional Riemann-Liouville integral and derivative of bivariate
fractal interpolation function are again a bivariate interpolation function cor-
responding to some iterated function system (IFS). Furthermore, we discuss
the integral transform and fractional order integral transform of the bivariate
fractal interpolation functions.
.
1. INTRODUCTION
Fractal interpolation function (FIF) is introduced by Barnsley [1–3] through it-
erated function system (IFS). FIF is an interpolation function whose graph is an
IFS invariant set. The IFS model is described by the property of self-affinity. The
self-affinity specifies that the shape is invariant regardless to any degree of mag-
nification. Fractal interpolation surfaces described by Massopust [4] on triangles,
where the interpolation points at the boundary must be coplanar. Geronimo and
Hardin [5] have generalized this work by allowing the construction over polygonal
regions by taking arbitrary interpolation points. In another work by Zhao [18],
the author uses triangulation to construct the fractal surfaces. Dalla in [6] has
constructed fractal interpolation surfaces(FISs) on rectangular grids by taking the
collinear interpolation points on the boundary. In [16], Feng considered more gen-
eral construction of FISs on the rectangular grids under some restriction. The
given restriction for continuity is difficult to verify. Malysz [10] introduced fold-out
technique. Metzler and Yun [15] have generalised this method. The reader, who
are interested to know about more general constructions of fractal interpolation
functions, we refer to [7, 8, 17] and references therein. Huo-Jun Ruan and Qiang
Xu [9] presented a more general construction using fold-out technique. Verma and
Viswanathan [13,14] has discussed fractal operator which is associated with bivari-
ate fractal interpolation functions and about the fractal dimension of the fractional
integral in the Arzela´ sense. The fractional calculus of fractal interpolation function
for the case of univariate discussed by Prasad [11] and Gowrisankar [12] but, to the
best of our knowledge, there is no research reported in the case of bivariate fractal
interpolation surfaces and fractional calculus. In this paper, we established some
new results on bivariate fractal interpolation surfaces and for this, we adopt the
construction given by Huo-Jun Ruan and Qiang Xu [9].
Key words and phrases. Fractal Interpolation surfaces, Partial derivative, fractional integral
(derivative), Integral transform.
AMS-class: 28A80; 44A15; 26A33.
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The organization of the article from section 3 to section 7, is as follows: In Section
3, we give construction of bivariate fractal interpolation function and fractal inter-
polation surface(FIS). The Partial integral of FIS and Partial differentiable FIS is
given in section 4. In Section 5, we give the definitions of mixed type Riemann-
Liouville integral and derivative on a closed rectangle [a, b] × [c, d] and we show
that mixed fractional Riemann-Liouville integral and derivative of bivariate fractal
interpolation function are again a bivariate interpolation function corresponding to
some iterated function system (IFS). Section 6 and 7 are devoted to the integral
transform of the bivariate fractal interpolation functions.
2. Background and preliminaries
Let I = [a, b] and J = [c, d]. Given interpolation data {(xi, yj , zij) ∈ R3 : i =
0, 1, . . . , N ; j = 0, 1, . . . ,M} such that a = x0 < x1 < · · · < xN = b and c =
y0 < y1 < · · · < yM = d. For convenience, we write Σ = {1, 2, . . . , N}, ΣN,0 =
{0, 1, . . .N}, ∂ΣN,0 = {0, N} and intΣN,0 = {1, 2, . . . , N − 1}. Similarly, we can
define ΣM ,ΣM,0, ∂ΣM,0 and intΣM,0. Denote Ii = [xi−1, xi] and Jj = [yj−1, yj] for
i ∈ ΣN and j ∈ ΣM . For any i ∈ ΣN , let us define a contractive homeomorphism
ui : I → Ii satisfying
(2.1) ui(x0) = xi−1, ui(xN ) = xi, when i is odd,
(2.2) ui(x0) = xi, ui(xN ) = xi−1, when i is even,
(2.3) |ui(x1)− ui(x2)| ≤ αi|x1 − x2|, ∀ x1, x2 ∈ I,
where 0 < αi < 1 is any given constant. One can easily see that u1(x0) =
x0, u1(xN ) = u2(xN ) = x1, u2(x0) = u2(x0) = x2 and so on. Similarly, for any
j ∈ ΣM , let us define a contractive homeomorphism vj : J → Jj satisfying
(2.4) vj(y0) = yj−1, vj(yM ) = yj , when j is odd,
(2.5) vj(y0) = yj , vj(yM ) = yj−1, when j is even,
(2.6) |vj(y1)− vj(y2)| ≤ βj |y1 − y2|, ∀ y1, y2 ∈ J,
where 0 < βj < 1 is any given constant. From the definitions of ui and vj , we can
easily check that
u−1i (xi) = u
−1
i+1(xi), ∀ i ∈ intΣN,0,
and
v−1j (yj) = v
−1
j+1(yj), ∀ j ∈ intΣM,0.
Let us define τ : Z× {0, N,M} → Z by{
τ(i, 0) = i− 1, τ(i, N) = τ(i,M) = i, when i is odd
τ(i, 0) = i, τ(i, N) = τ(i,M) = i− 1, when i is even.
Denote K = I × J × R. For each (i, j) ∈ ΣN × ΣM , Fij : K → R be a continu-
ous function satisfying Fij(xk, yl, zkl) = zτ(i,k),τ(j,l), ∀(k, l) ∈ ∂ΣN,0 × ∂ΣM,0 and
|Fij(x, y, z′) − Fij(x, y, z′′)| ≤ γij |z′ − z′′|, ∀(x, y) ∈ I × J and z′, z′′ ∈ R, where
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0 < γij < 1 is a given constant.
Now, for each (i, j) ∈ ΣN × ΣM , we define Wij : K → Ii × Jj × R by
Wij(x, y, z) =
(
ui(x), vj(y), Fij(x, y, z)
)
.
Then {K,Wij : (i, j) ∈ ΣN × ΣM} is an IFS.
Theorem 2.1. [9] Let {K,Wij : (i, j) ∈ ΣN × ΣM} be the IFS defined as above.
Suppose that {Fij : (i, j) ∈ ΣN × ΣM} satisfies the below matching conditions:
(1) for each i ∈ intΣN,0, j ∈ ΣM and x∗ = u−1i (xi) = u−1i+1(xi),
Fij(x
∗, y, z) = Fi+1,j(x
∗, y, z), ∀y ∈ J, z ∈ R,
(2) for each i ∈ ΣN , j ∈ intΣM,0 and y∗ = v−1j (yj) = v−1j+1(yj),
Fij(x, y
∗, z) = Fi,j+1(x, y
∗, z), ∀x ∈ I, z ∈ R.
Then there is a unique continuous function f : I × J → R satisfying f(xi, yj) =
zij for each (i, j) ∈ ΣN,0 × ΣM,0 and G = ∪(i,j)∈ΣN×ΣMWij(G), where G ={
(x, y, f(x, y)) : (x, y) ∈ I × J} is the graph of f. We say that G is FIS and f
is FIF with corresponding to the IFS
{
K,Wij : (i, j) ∈ ΣN × ΣM
}
.
By Theorem 2.1, we have the following result.
Theorem 2.2. Let {K,Wij : (i, j) ∈ ΣN × ΣM} be the IFS introduced as above.
Then there is a unique continuous function f : I × J → R such that f(xi, yj) =
zij for each (i, j) ∈ ΣN,0 × ΣM,0 and G = ∪(i,j)∈ΣN,0×ΣM,0Wij(G), where G =
{(x, y, f(x, y)) : (x, y) ∈ I × J} is the graph of f.
3. Construction of Fractal Interpolation Surfaces
We define Fij : K → R by Fij(x, y, z) = αz + qij(x, y), where qij(xk, yl) =
zτ(i,k),τ(j,l) − αzkl and |α| < 1. Now, for each (i, j) ∈ ΣN × ΣM , we define Wij :
K → Ii × Jj × R by
Wij(x, y, z) = (ui(x), vj(y), Fij(x, y, z)).
One can see that Fij satisfies matching conditions of Theorem 2.1. The set of all
continuous functions on I × J is denoted by C(I × J). Define Read-Bajraktarevic´
(RB) operator T : C(I × J)→ C(I × J) by
(Tf)(x, y) = Fij
(
u−1i (x), v
−1
j (y), f
(
u−1i (x), v
−1
j (y)
))
, ∀ (x, y) ∈ Ii × Jj ,
for all (i, j) ∈ ΣN × ΣM . The bivariate FIF f in the above definition will be the
unique fixed point of T . Consequently, f satisfies the self-referential equation:
f(x, y) = Fij
(
u−1i (x), v
−1
j (y), f
(
u−1i (x), v
−1
j (y)
))
, ∀ (x, y) ∈ Ii × Jj ,
for all (i, j) ∈ ΣN × ΣM . So, here we get
(3.1) f(x, y) = α f
(
u−1i (x), v
−1
j (y)
)
+ qij
(
u−1i (x), v
−1
j (y)
)
,
for (x, y) ∈ Ii × Jj , (i, j) ∈ ΣN × ΣM , where
(3.2) ui(x) = aix+ bi and vj(y) = cjy + dj .
From 2.1, 2.2, 2.4, 2.5 and 3.2, we yield{
ai =
xi−xi−1
xN−x0
, bi =
xi−1xN−xix0
xN−x0
, if i is odd
ai =
xi−1−xi
xN−x0
, bi =
xixN−xi−1x0
xN−x0
, if i is even.
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Figure 1. Fractal interpolation surface (α = 0.2)
{
cj =
yj−yj−1
yM−y0
, dj =
yj−1yM−yjy0
yM−y0
, if j is odd
cj =
yj−1−yj
yM−y0
, dj =
yjyM−yj−1y0
yM−y0
, if j is even.
In this article, we deal with the above equations 3.1 and 3.2.
Let N =M . We define a bilinear function q on I × J which satisfy
q(xk, yl) = zkl, ∀(k, l) ∈ ∂ΣN,0 × ∂ΣM,0.
That is,
q(x, y) =
1
(b− a)(d− c) ((b− x)(d − y)z0,0 + (x− a)(d− y)zN,0
+ (b − x)(y − c)z0,M + (x− a)(y − c)zM,N).
Example: Let g(x, y) = sin(x2 + y2) on [0, 1]× [0, 1] ; x, y ∈ [0, 1]. Let N = M = 4.
Let xi = i/N and yj = j/M for all i ∈ ΣN,0 andj ∈ ΣM,0. So interpolation data
{(xi, yj , g(xi, yj)) ∈ R3 : i = 0, 1, 2, 3, 4; j = 0, 1, 2, 3, 4} such that 0 = x0 < x1 <
x2 < x3 < x4 = 1 and 0 = y0 < y1 < y2 < y3 < y4 = 1. Let Z = g(xi, yj) =
(zij)(i,j)∈ΣN,0×ΣM,0 . Then,
Z =


0 0.0625 0.2474 0.5333 0.8415
0.0625 0.1247 0.3074 0.5851 0.8736
0.2474 0.3074 0.4794 0.7260 0.9490
0.5333 0.5851 0.7260 0.9023 1.0000
0.8415 0.8736 0.9490 1.0000 0.9093

 .
The corresponding FIS is shown in figure 1.
4. Partial Integral of FIS and partial differentiable FIS
We show its integral with respect to x is also a fractal interpolation function
corresponding to some IFS.
Theorem 4.1. Let f be the FIF determined by the IFS defined above, then Ixf is
FIF assciated with {K, Wˆij : (i, j) ∈ ΣN × ΣM}, where
Wˆij(x, y, z) = (ui(x), vj(y), Fˆij(x, y, z))
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and Fˆij : K → R is defined by Fˆij(x, y, z) = αaiz + qˆij(x, y) and
qˆij(x, y) =aiIxqij(x, y) +
∫ ui(a)
a
f(s, vj(y))ds.
Proof. Using fixed point equation corresponding to RB operator, we get f(ui(x), vj(y)) =
αf(x, y) + qij(x, y), ∀(x, y) ∈ I × J.
Ixf(ui(x), vj(y)) =
∫ ui(x)
a
f(s, vj(y))ds
=
∫ ui(a)
a
f(s, vj(y))ds+
∫ ui(x)
ui(a)
f(s, vj(y))ds
=
∫ ui(a)
a
f(s, vj(y))ds+ ai
∫ x
a
f(ui(s), vj(y))ds
=
∫ ui(a)
a
f(s, vj(y))ds+ ai
∫ x
a
[αf(s, y) + qij(s, y)]ds
=
∫ ui(a)
a
f(s, vj(y))ds+ αai
∫ x
a
f(s, y)ds+ ai
∫ x
a
qij(s, y)ds
=αaiIxf(x, y) + aiIxqij(x, y) +
∫ ui(a)
a
f(s, vj(y))ds.
=αaiIxf(x, y) + qˆij(x, y).

Remark 4.2. Let f be a differential FIF determined by the IFS defined above. Then,
fˆ = fx if and only if fˆ is the FIF associated with {K, (ui(x), vj(y), Fˆij(x, y, z)) :
(i, j) ∈ ΣN × ΣM}, where
Fˆij(x, y, z) = αˆz + qˆij(x, y)
and
αˆ
ai
= α, (qˆij)x = aiqij .
Remark 4.3. In similar way, its integral and derivative with respect to y are also
fractal interpolation function corresponding to some IFS.
5. Fractional Integral of FIS and Fractional Differentiable FIS
We prove its fractional integral and fractional derivative are also Fractal inter-
polation functions corresponding to some IFS.
Definition 5.1. [19] Let f be a function on a closed rectangle [a, b]×[c, d].Assuming
that the following integral exists, (mixed) Riemann-Liouville fractional integral of
f is defined as
Iγf(x, y) =
1
Γp.Γq
∫ x
a
∫ y
c
(x− s)p−1(y − t)q−1f(s, t)dsdt,
where γ = (p, q) with p > 0, q > 0.
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Definition 5.2. [19] Let f be a function on a closed rectangle [a, b] × [c, d]. As-
suming that the following integral exists, (mixed) Riemann-Liouville derivative of
f is defined as
Dγf(x, y) =
1
Γ(1− p).Γ(1− q)
∂2
∂x∂y
∫ x
a
∫ y
c
(x − s)−p(y − t)−qf(s, t)dsdt,
where γ = (p, q) with p > 0, q > 0.
Theorem 5.3. Let f be the FIF determined by the IFS defined above, then Iγf is
FIF assciated with {K, Wˆij : (i, j) ∈ ΣN × ΣM}, where
Wˆij(x, y, z) = (ui(x), vj(y), Fˆij(x, y, z))
and Fˆij : K → R is defined by Fˆij(x, y, z) = αapi cqjz + qˆij(x, y) where
qˆij(x, y) =
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x)− s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(a)
a
∫ y
c
(ui(x)− s)p−1(y − t)q−1f(s, vj(t))dsdt
+
api c
q
j
Γp.Γq
∫ x
a
∫ y
c
(x− s)p−1(y − t)q−1qij(s, t)dsdt.
Proof. Fixed point equation yields f(ui(x), vj(y)) = αf(x, y) + qij(x, y), ∀(x, y) ∈
I × J. We have
Iγf(ui(x), vj(y)) =
1
Γp.Γq
∫ ui(x)
a
∫ vj(y)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
1
Γp.Γq
∫ ui(x)
a
∫ vj(y)
vj(c)
(ui(x)− s)p−1(vj(y)− t)q−1f(s, t)dsdt
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cj
Γp.Γq
∫ ui(x)
a
∫ y
c
(ui(x)− s)p−1(vj(y)− vj(w))q−1f(s, vj(w))dsdw
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(x)
a
∫ y
c
(ui(x)− s)p−1(y − t)q−1f(s, vj(t))dsdt
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=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(a)
a
∫ y
c
(ui(x) − s)p−1(y − t)q−1f(s, vj(t))dsdt
+
cqj
Γp.Γq
∫ ui(x)
ui(a)
∫ y
c
(ui(x)− s)p−1(y − t)q−1f(s, vj(t))dsdt
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(a)
a
∫ y
c
(ui(x) − s)p−1(y − t)q−1f(s, vj(t))dsdt
+
api c
q
j
Γp.Γq
∫ x
a
∫ y
c
(x− s)p−1(y − t)q−1f(ui(s), vj(t))dsdt
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(a)
a
∫ y
c
(ui(x) − s)p−1(y − t)q−1f(s, vj(t))dsdt
+
αapi c
q
j
Γp.Γq
∫ x
a
∫ y
c
(x− s)p−1(y − t)q−1f(s, t)dsdt
+
api c
q
j
Γp.Γq
∫ x
a
∫ y
c
(x− s)p−1(y − t)q−1qij(s, t)dsdt
=
1
Γp.Γq
∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)p−1(vj(y)− t)q−1f(s, t)dsdt
+
cqj
Γp.Γq
∫ ui(a)
a
∫ y
c
(ui(x) − s)p−1(y − t)q−1f(s, vj(t))dsdt
+ αapi c
q
j I
γf(x, y) + api c
q
j I
γqij(x, y)
=αapi c
q
j I
γf(x, y) + qˆij(x, y).

Theorem 5.4. Let f be a fractional differentiable FIF determined by the IFS de-
fined above, then Dγf is FIF assciated with {K, Wˆij : (i, j) ∈ ΣN × ΣM}, where
Wˆij(x, y, z) = (ui(x), vj(y), Fˆij(x, y, z))
and Fˆij : K → R is defined by Fˆij(x, y, z) = αa(1−p)i c(1−q)j z + qˆij(x, y) where
qˆij(x, y) =
1
Γ(1− p).Γ(1 − q)
∂2
∂x∂y
∫ ui(x)
a
∫ vj(c)
c
(ui(x)− s)−p(vj(y)− t)−qf(s, t)dsdt
+
c
(1−q)
j
Γ(1− p).Γ(1− q)
∂2
∂x∂y
∫ ui(a)
a
∫ y
c
(ui(x) − s)−p(y − t)−qf(s, vj(t))dsdt
+
a
(1−p)
i c
(1−q)
j
Γ(1− p).Γ(1− q)
∂2
∂x∂y
∫ x
a
∫ y
c
(x− s)−p(y − t)−qqij(s, t)dsdt.
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Proof: Fixed point equation yields f(ui(x), vj(y)) = αf(x, y)+qij(x, y), ∀(x, y) ∈
I × J. We have
Dγf(ui(x), vj(y)) =
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
∫ ui(x)
a
∫ vj(y)
c
(ui(x)− s)−p(vj(y)− t)−qf(s, t)dsdt
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+
∫ ui(x)
a
∫ vj(y)
vj(c)
(ui(x)− s)−p(vj(y)− t)−qf(s, t)dsdt
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+ cj
∫ ui(x)
a
∫ y
c
(ui(x) − s)−p(vj(y)− vj(w))−qf(s, vj(w))dsdw
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+ c
(1−q)
j
∫ ui(x)
a
∫ y
c
(ui(x)− s)−p(y − t)−qf(s, vj(t))dsdt
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+ c
(1−q)
j
∫ ui(a)
a
∫ y
c
(ui(x) − s)−p(y − t)−qf(s, vj(t))dsdt
+ c
(1−q)
j
∫ ui(x)
ui(a)
∫ y
c
(ui(x)− s)−p(y − t)−qf(s, vj(t))dsdt
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+ c
(1−q)
j
∫ ui(a)
a
∫ y
c
(ui(x) − s)−p(y − t)−qf(s, vj(t))dsdt
+ a
(1−p)
i c
(1−q)
j
∫ x
a
∫ y
c
(x− s)−p(y − t)−qf(ui(s), vj(t))dsdt
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
[ ∫ ui(x)
a
∫ vj(c)
c
(ui(x) − s)−p(vj(y)− t)−qf(s, t)dsdt
+ c
(1−q)
j
∫ ui(a)
a
∫ y
c
(ui(x) − s)−p(y − t)−qf(s, vj(t))dsdt
+ αa
(1−p)
i c
(1−q)
j
∫ x
a
∫ y
c
(x − s)−p(y − t)−qf(s, t)dsdt
+ a
(1−p)
i c
(1−q)
j
∫ x
a
∫ y
c
(x− s)−p(y − t)−qqij(s, t)dsdt
]
=
1
Γ(1 − p).Γ(1− q)
∂2
∂x∂y
∫ ui(x)
a
∫ vj(c)
c
(ui(x)− s)−p(vj(y)− t)−qf(s, t)dsdt
+
c
(1−q)
j
Γ(1− p).Γ(1− q)
∂2
∂x∂y
∫ ui(a)
a
∫ y
c
(ui(x)− s)−p(y − t)−qf(s, vj(t))dsdt
+ αa
(1−p)
i c
(1−q)
j D
γf(x, y) + a
(1−p)
i c
(1−q)
j D
γqij(x, y)
=αa
(1−p)
i c
(1−q)
j D
γf(x, y) + qˆij(x, y).
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6. Integral Transform of fractal interpolation functions
The general integral transform of a ”well-behaved” function g is defined as
gˆ(s, t) =
∫
R2
K(x, y, s, t)g(x, y)dxdy,
where K(x, y, s, t) is a suitable function, referred to as kernel of the transformation.
Here, we have
fˆ(s, t) =
∫
R2
K(x, y, s, t)f(x, y)dxdy
=
∫
I×J
K(x, y, s, t)f(x, y)dxdy
=ΣMj=1Σ
N
i=1
∫
Ii×Jj
K(x, y, s, t)[qij(u
−1
i (x), v
−1
j (y)) + αf(u
−1
i (x), v
−1
j (y))]dxdy
=ΣMj=1Σ
N
i=1
∫
Ii×Jj
K(x, y, s, t)qij(u
−1
i (x), v
−1
j (y))dxdy
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
αK(x, y, s, t)f(u−1i (x), v
−1
j (y))dxdy.
With the change of variable u−1i (x) = z and v
−1
j (y) = w, we have
fˆ(s, t) =ΣMj=1Σ
N
i=1
∫
Ii×Jj
aicjK(ui(z), vj(w), s, t)qij(z, w)dzdw
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
αaicjK(ui(z), vj(w), s, t)f(z, w)dzdw
=ΣMj=1Σ
N
i=1
∫
Ii×Jj
aicjK(ui(x), vj(y), s, t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
αaicjK(ui(x), vj(y), s, t)f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)f(x, y)dxdy.
We study the integral transform of fractal functions with some special choice of
kernel functions.
(1) Laplace Transform:
The two-dimensional Laplace transform of g is defined as
L(g)(s, t) =
∫
∞
0
∫
∞
0
g(x, y) exp(−xs− yt)dxdy.
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Here K(x, y, s, t) = exp(−xs − yt) for x, y, s, t > 0. We choose I = [a, b] and
J = [c, d] such that both a, c > 0. Then
fˆ(s, t) =ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
exp(−(ui(x)s+ vj(y)t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
exp(−(ui(x)s + vj(y)t))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
exp(−((aix+ bi)s+ (cjy + dj)t))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
exp(−((aix+ bi)s+ (cjy + dj)t))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj exp(−(bis+ djt))
∫
Ii×Jj
exp(−(xais+ ycjt))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj exp(−(bis+ djt))
∫
Ii×Jj
exp(−(xais+ ycjt))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj exp(−(bis+ djt))qij(ais, cjt)
+ ΣMj=1Σ
N
i=1αaicj exp(−(bis+ djt))f(ais, cjt)
=qˆij(s, t) + Σ
M
j=1Σ
N
i=1αaicj exp(−(bis+ djt))f(ais, cjt).
Where, qˆij(s, t) = Σ
M
j=1Σ
N
i=1aicj exp(−(bis+ djt))qij(ais, cjt).
(2) Laplace Carson Transform:
The two-dimensional Laplace carson transform of g is defined as
L(g)(s, t) = st
∫
∞
0
∫
∞
0
g(x, y) exp(−xs− yt)dxdy.
Here K(x, y, s, t) = st exp(−xs − yt) for x, y, s, t > 0. We choose I = [a, b] and
J = [c, d] such that both a, c > 0. Then
fˆ(s, t) =ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicjst
∫
Ii×Jj
exp(−(ui(x)s + vj(y)t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicjst
∫
Ii×Jj
exp(−(ui(x)s+ vj(y)t))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicjst
∫
Ii×Jj
exp(−((aix+ bi)s+ (cjy + dj)t))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicjst
∫
Ii×Jj
exp(−((aix+ bi)s+ (cjy + dj)t))f(x, y)dxdy
THE CALCULUS OF BIVARIATE FRACTAL INTERPOLATION SURFACES 11
=ΣMj=1Σ
N
i=1aicjst exp(−(bis+ djt))
∫
Ii×Jj
exp(−(xais+ ycjt))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicjst exp(−(bis+ djt))
∫
Ii×Jj
exp(−(xais+ ycjt))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicjst exp(−(bis+ djt))qij(ais, cjt)
+ ΣMj=1Σ
N
i=1αaicjst exp(−(bis+ djt))f(ais, cjt)
=qˆij(s, t) + Σ
M
j=1Σ
N
i=1αaicjst exp(−(bis+ djt))f(ais, cjt).
Where, qˆij(s, t) = Σ
M
j=1Σ
N
i=1aicjst exp(−(bis+ djt))qij(ais, cjt).
(3) Fourier Transform:
For the kernel K(x, y, s, t) = exp(−2pik(xs + yt)), where k = √−1. We apply
the same process, as above, to evaluate Fourier transform of fractal interpolation
function.
fˆ(s, t) =ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
K(ui(x), vj(y), s, t)f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
exp(−2pik(ui(x)s + vj(y)t))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
exp(−2pik(ui(x)s + vj(y)t))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj
∫
Ii×Jj
exp(−2pik((aix+ bi)s+ (cjy + dj)t))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj
∫
Ii×Jj
exp(−2pik((aix+ bi)s+ (cjy + dj)t))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj exp(−2pik(bis+ djt))
∫
Ii×Jj
exp(−2pik(xais+ ycjt))qij(x, y)dxdy
+ΣMj=1Σ
N
i=1αaicj exp(−2pik(bis+ djt))
∫
Ii×Jj
exp(−2pik(xais+ ycjt))f(x, y)dxdy
=ΣMj=1Σ
N
i=1aicj exp(−2pik(bis+ djt))qij(ais, cjt)
+ ΣMj=1Σ
N
i=1αaicj exp(−2pik(bis+ djt))f(ais, cjt)
=qˆij(s, t) + Σ
M
j=1Σ
N
i=1αaicj exp(−2pik(bis+ djt))f(ais, cjt).
Where, qˆij(s, t) = Σ
M
j=1Σ
N
i=1aicj exp(−2pik(bis+ djt))qij(ais, cjt).
7. Fractional Order Integral Transform of fractal interpolation
functions
(1) Fractional Double Sumudu Transform:
Definition 7.1. [20] Assuming that f(x, y) vanishes for negative values of x and
y. The Fractional double Sumudu transform of f(x, y) of order λ > 0, is defined as
G2λ(s, t) =
∫
∞
0
∫
∞
0
Eλ(−(x+ y)λ)f(sx, ty)(dx)λ(dy)λ.
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Where s, t ∈ C, x, y > 0 and Eλ(x) =
∑
∞
m=0
xm
Γ(λm+1) is the Mittag-Leffler function.
By applying the same process and terminology, as above and taking s, t 6= 0, we
have
fˆ(s, t) =ΣMj=1Σ
N
i=1
∫
Ii×Jj
Eλ(−(x+ y)λ)qij(u−1i (sx), v−1j (ty))(dx)λ(dy)λ
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
αEλ(−(x+ y)λ)f(u−1i (sx), v−1j (ty))(dx)λ(dy)λ.
With the change of variable u−1i (sx) = z and v
−1
j (ty) = w, we have
fˆ(s, t) =ΣMj=1Σ
N
i=1
∫
Ii×Jj
(
ai
s
)λ(
ci
t
)λEλ(−(ui(z)
s
+
vj(w)
t
)λ)qij(z, w)(dz)
λ(dw)λ
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
α(
ai
s
)λ(
ci
t
)λEλ(−(ui(z)
s
+
vj(w)
t
)λ)f(z, w)(dz)λ(dw)λ
=ΣMj=1Σ
N
i=1
∫
Ii×Jj
(
ai
s
)λ(
ci
t
)λEλ(−(ui(x)
s
+
vj(y)
t
)λ)qij(x, y)(dx)
λ(dy)λ
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
α(
ai
s
)λ(
ci
t
)λEλ(−(ui(x)
s
+
vj(y)
t
)λ)f(x, y)(dx)λ(dy)λ.
By applying the Mittag-Leffler property, Eλ(k(x + y)
λ) = Eλ(kx
λ)Eλ(ky
λ), we
have
fˆ(s, t) =ΣMj=1Σ
N
i=1
∫
Ii×Jj
(
ai
s
)λ(
ci
t
)λEλ(−(ui(x)
s
)λ)Eλ(−(vj(y)
t
)λ)qij(x, y)(dx)
λ(dy)λ
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
α(
ai
s
)λ(
ci
t
)λEλ(−(ui(x)
s
)λ)Eλ(−(vj(y)
t
)λ)f(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1
∫
Ii×Jj
(
ai
s
)λ(
ci
t
)λEλ(−(aix+ bi
s
)λ)Eλ(−(cjy + dj
t
)λ)qij(x, y)(dx)
λ(dy)λ
+ΣMj=1Σ
N
i=1
∫
Ii×Jj
α(
ai
s
)λ(
ci
t
)λEλ(−(aix+ bi
s
)λ)Eλ(−(cjy + dj)
t
)λ)f(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ)
∫
Ii×Jj
Eλ(−(aix
s
+
cjy
t
)λ)qij(x, y)(dx)
λ(dy)λ
+ΣMj=1Σ
N
i=1α(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ)
∫
Ii×Jj
Eλ(−(aix
s
+
cjy
t
)λ)f(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ)
∫
Ii×Jj
Eλ(−(x+ y)λ)qij(sx
ai
,
ty
cj
)(dx)λ(dy)λ
+ΣMj=1Σ
N
i=1α(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ)
∫
Ii×Jj
Eλ(−(x+ y)λ)f(sx
ai
,
ty
cj
)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ)qij(
s
ai
,
t
cj
)
+ ΣMj=1Σ
N
i=1α(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ))f(
s
ai
,
t
cj
)
=qˆij(s, t) + Σ
M
j=1Σ
N
i=1α(
ai
s
)λ(
ci
t
)λEλ(−(bi
s
+
dj
t
)λ))f(
s
ai
,
t
cj
).
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Where, qˆij(s, t) = Σ
M
j=1Σ
N
i=1(
ai
s
)λ( ci
t
)λEλ(−( bis +
dj
t
)λ)qij(
s
ai
, t
cj
).
(2) Double Laplace Transform of Fractional Order:
Definition 7.2. [20] If f(x, y) is a function where x, y > 0, then double Laplace
transform of fractional order(λ > 0) of function f(x, y), is defined as
F2λ(s, t) =
∫
∞
0
∫
∞
0
Eλ(−(sx+ ty)λ)f(x, y)(dx)λ(dy)λ.
Where s, t ∈ C and Eλ(x) is the Mittag-Leffler function.
For λ = 1, it turns into double Laplace transform.
By applying same process and terminology, as above, we have
fˆ(s, t) =ΣMj=1Σ
N
i=1a
λ
i c
λ
j
∫
Ii×Jj
K(ui(x), vj(y), s, t)qij(x, y)(dx)
λ(dy)λ
+ΣMj=1Σ
N
i=1αa
λ
i c
λ
j
∫
Ii×Jj
K(ui(x), vj(y), s, t)f(x, y)(dx)
λ(dy)λ.
Here K(x, y, s, t) = Eλ(−(sx + ty)λ) and by applying the Mittag-Leffler property,
we have
fˆ(s, t) =ΣMj=1Σ
N
i=1a
λ
i c
λ
j
∫
Ii×Jj
Eλ(−(ui(x)s)λ)Eλ(−(vj(y)t)λ)qij(x, y)(dx)λ(dy)λ
+ΣMj=1Σ
N
i=1αa
λ
i c
λ
j
∫
Ii×Jj
Eλ(−(ui(x)s)λ)Eλ(−(vj(y)t)λ)f(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1a
λ
i c
λ
j
∫
Ii×Jj
Eλ(−((aix+ bi)s)λ)Eλ(−((cjy + dj)t)λ)qij(x, y)(dx)λ(dy)λ
+ΣMj=1Σ
N
i=1αa
λ
i c
λ
j
∫
Ii×Jj
Eλ(−((aix+ bi)s)λ)Eλ(−((cjy + dj)t)λ)f(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1a
λ
i c
λ
jEλ(−(bis+ djt)λ)
∫
Ii×Jj
Eλ(−((aixs+ cjyt)λ)qij(x, y)(dx)λ(dy)λ
+ΣMj=1Σ
N
i=1αa
λ
i c
λ
jEλ(−(bis+ djt)λ)
∫
Ii×Jj
Eλ(−((aixs+ cjyt)λf(x, y)(dx)λ(dy)λ
=ΣMj=1Σ
N
i=1a
λ
i c
λ
jEλ(−(bis+ djt)λ)qij(ais, cjt)
+ ΣMj=1Σ
N
i=1αa
λ
i c
λ
jEλ(−(bis+ djt)λ)f(ais, cjt)
=qˆij(s, t) + Σ
M
j=1Σ
N
i=1αa
λ
i c
λ
jEλ(−(bis+ djt)λ)f(ais, cjt).
Where, qˆij(s, t) = Σ
M
j=1Σ
N
i=1a
λ
i c
λ
jEλ(−(bis+ djt)λ)qij(ais, cjt).
Remark 7.3. Integral transforms and fractional order integral transforms defined
above are also fractal interpolation functions for given qˆij(x, y) and |α| < 1 corre-
sponding to some IFS.
Conclusion. Most of the work in the literature of fractal interpolation functions
are for the univariate case. The present work extends it for bivariate case. We
give several basic and advanced results on bivariate fractal interpolation functions.
We establish that the mixed Riemann-Liouville fractional integral and derivative of
bivariate fractal interpolation function are again a bivariate interpolation function
corresponding to some iterated function system (IFS). In short, we conclude that
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the various type of transforms of bivariate interpolation function are again bivariate
interpolation functions corresponding to some IFS.
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